Abstract: An analysis of alternative expressions of the state-specific (SS) multireference (MR) coupled cluster (CC) wave functions is presented. The approach utilizes the CASSCF (complete active space self consistent field) wave function as the reference. It is designed specifically for calculating excited electronic states. The cluster structure of the CC wave operator and the origin(s) for the cluster expansion(s) are the key features of the development. Test calculations reveal some interesting features of the SMRCC approaches.
Introduction
The single-reference coupled-cluster (SRCC) formalism has become a standard method in Quantum Chemistry. [1, 2] The CC wave operator transforming the reference function, Φ o , into the exact wave function has the exponential form:
To determine the T operator, a system of non-linear equations for the CC amplitudes involved in the T operator is derived. The equations originate from projecting the Schrödinger equation against the |Φ o ≡ |0 reference determinant, as well as determinants obtained by exciting the electrons in |Φ o to virtual orbitals. The single-reference CC wave function with the exponentiated excitation T operator can be generalized to include all single and double excitations from all the determinants generated in the complete active space (CAS) calculation. One of the versions of such an approach, which has been developed by some of us, is based on expanding the wave function from a single determinant. [3, 4] Some other versions have been also proposed. [6] [7] [8] A coupled cluster method based on the CAS reference function (CASCC) should be capable of describing states, which have inherent multi-reference character and inherent spin or spatial degeneracy. These require explicit symmetry adaptation of the wave function in terms of both spin and spatial symmetries. A successful CASCC approach should be, if it is not strictly symmetryand spin-adapted, introduce a minimal spin or symmetry contamination to the wave function.
There have been several proposals how to represent a CC wave function in the case when several determinants need to be used to provide the lowest order approximation to the considered state. One can define such a multi-reference coupled cluster wave function in the form of the 
The wave operators, Ω I = e T I , are reference-specific and state-non-specific operators. The techniques derived based on this approach can be called multi-state multi-reference CC (MS-MR-CC) methods and, if the reference configurations, |Φ I , span the CAS, they are called valence-universal.
In the J-M expansion all reference determinants, |Φ I , are treated equally by being origins of independent CC expansions. We can call the J-M expansion a multi-origin CC approach since independent coupled cluster expansions are generated from several determinants.
An alternative to this approach is to calculate a single electronic state (ground or excited)
and use a single CC operator with a single origin (formal reference determinant) for describing the correlation of electrons which are distributed among the reference determinants in the state under consideration. This type of approach is usually called "state specific". In our previous work we argued that the single-origin version of SS-MRCC is simpler in practical applications and results in an approach which allows the CC amplitudes to be vary simultaneously with the configuration coefficients of the model space determinants. [10] This flexibility in the approach is often crucial, particularly in cases where the dynamic correlation strongly interacts with the non-dynamic correlation, which is described by the model space determinants.
There has been recent interest in developing state-specific theories, primarely because the standard multi-root multi-reference theories that use the Hamiltonian approach often suffer from the "intruder problem". This problem leads to singularities in the calculations and to divergence of the iterative numerical procedure used to determine the coupled-cluster amplitudes. This, however, has not stopped the development effort of the multi-root coupled cluster methodology.
Work has been carried out both in the Fock space and Hilbert space frameworks. The most recent works have been described in the following papers. [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] Apart from our works, the state-specific methodology has been developed in other groups using the multi-determinantal model space. The most important developments in this field have been decribed in the following papers. [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] 2. Single-origin CASCC method.
In the originally introduced version of the SSMRCC method, [3, 4, [38] [39] [40] [41] [42] 
Both T (int) and T (ext) are mutually commutative, hole-particle creation operators. The double exponential form of the wave function was the trademark of our single-state, state-specific approach. In order to specify the orbital indices in these two operators, the one-electron function space is divided into active and inactive subspaces. The inactive space contains core and virtual orbitals which are always occupied and unoccupied, respectively, in all model space determinants.
Active space orbitals are those which have different occupancies for different model space determinants |Φ (int) . The formal reference determinant, |0 , chosen as the Fermi vacuum, defines the partition of the active space into two subsets namely, the active hole (occupied in |0 ) and active particle (not occupied in |0 ) spaces. Hole and particle indices in T (int) have fully internal (all active) labeling. In this work, we have followed the convention of indicating orbitals of different In practical use, many body expansions of T (int) and T (ext) operators, while the external set contained all possible semi-internal and external, singly-and doubly-excited excitations plus those restricted internal, semi-internal three-and four-body amplitudes, which are single-and double-excitations, into the active and inactive orbitals from all the model space determinants generated by acting with T (int) on the formal reference determinant, |0 . However, it is quite possible that a higher level of the internal excitations will be required in studies of excited states. The three-body external amplitudes are restricted to carry at least one pair of active hole-particle labels and four body amplitudes should carry at least two active hole-particle pair labels. The approximate version of SS MRCC with all single and double amplitudes and internal and restricted semi-internal types of triple amplitudes was called the SS MRCCSD(T) method. [4] The version which includes internal and restricted semi-internal quadruple amplitudes was termed SS MRCCSD(TQ) method. These versions have the following ansätze for the wave function:
The fully exponential ansatz for the wave function (3) is particularly well suited to describe the transformation of the wave function of a molecular system with stretched or broaken covalent bonds. This is because the reference funtion in this ansatz has the expontial form that correctly reflects the separability of the electron correlation effects in bonding electron pairs. As an example of how well the SS MRCCSD method works in describing the ground state wave function at and away from the equilibrium geometry of a simple system, we present in Table 1 results obtained for the water molecule with the DZ basis set at the equlibrium geometry (R e ) and at geometries where both OH bonds were stretched one and a half and two times the lenghts of these bonds at the equilibrium point. Two differen orbital activr spaces were used in the calculations. In order to more effectively handle the general quasidegeneracy problem, we also proposed a linearized form for the internal operator, e T (int) , while retaining our previous description for the external operator (semi-linear approach). [43, 44] The resulting ansatz has the form:
In this case the equations for the amplitudes are linear in terms of C (int) . The spin adaptation of the wave function of Eq.(6) (making the function and eigenfunction of the S 2 operator) is more straightforward than for the wave function of Eq.(3), which makes this ansatz better suited in representing excited states. d The active space included 3a 1 and 4a 1 orbitals.
e The active space included 3a 1 , 1b 2 , 4a 1 , and 2b 2 orbitals.
Because of the exponential nature of the T (ext) operator, the series can be truncated after including any particular multi-body level (rank) of the cluster operator. For example, including one-and two-body excited operators, T
, is one of the possible choices. In this case the ansatz for the wave function has the following form:
where the C (int) operator comprises the following excitations:
In Eq. (7) at least one orbital label in theT 3 ,T 4 andT 5 operators must correspond to a nonactive orbital. This also applies to other quantities indexed with italic orbital labels, which appear below. If we assume that all the configurations generated by acting of (1+Ĉ If we neglectT 3 and higher level excitation operators in Eq. (7), the ansatz of the CASCC wave function has the following form:
We termed this ansatz CASCCSD in our previous works. [10, 45] We also developed its simpler version without singles termed CASCCD. [45] One may expect that, as in the fully exponential approach, the vacuum determinant, |0 , should provide the most dominant contribution to the state under consideration. However, this assumption is not necessary and cases, where other determinants provide larger contributions than |0 , can also be considered using the wave function (9).
Let us consider, for example, an open-shell excited singlet state, which is the first approximation, that can be described by a linear combination of two single excited determinants:
(|IJ|−|IJ|) (in this symbolic notation only spin-orbitals occupied by open-shell electrons are explicitly shown).
We can chose one of the above two determinants as the vacuum determinant and construct the CASCCD wave function for the open-shell excited single state in the following form:
where the |IJ| determinant is the formal reference determinant (Fermi vacuum; |0 ) and holes and particles are defined as occupied and unoccupied spin-orbitals in this determinant, respectively.
TheĈ operator generates all CAS determinants except for the |IJ| and |IJ| determinants, which are separated to show their explicit coupling to a singlet state. Similar coupling is also implemented among other CAS determinants in theĈ operator. TheT andĈ operators on the reference. In principle, one can correct this omission by including some selected triple and quadruple excitations from the reference determinant which are the missing singles and doubles from |IJ|.
Another way of dealing with the problem is to choose the vacuum determinant to be either |II| or |JJ|. In this case the form of the CASCCD wave function has the following form:
In this formulation of Ψ CASCCD , the origin of the CC expansion is the |II| determinant and with respect to this determinant the holes and particles are defined.T A problem may arise if the contribution from the Fermi vacuum determinant is zero the wave function of the state under consideration. In this case a significant class of excitations will be missing the wave function because all the determinants which are generated by the the product ofT (ext) andĈ o will have zero contribution. However, there is a way to circumvent this problem by using the following form of the CASCCD wave function; on |II| will also have wrong symmetry.
To correct for that one needs to exclude more terms form (12) and this is done by the following modification to the equation:
where inT In the work where we presented a reformulation of the CASCC method with double excitations (CASCCD) in a spin-adapted form (SA-CASCCD), we showed that the new variant has important advantages over the spin-orbit formulation particularly in calculations of electronic excited states.
Among the properties of the SA-CASCCD approach we can mention the following:
1. Spin-adaptation of the CC-equations significantly reduces the number of floating point operations and leads to faster calculations.
2. Transformation from the spin-orbital form to the spatial-orbital form of the CASCCD equations reduces the storage required for the calculation. The first rather ad hoc attempts of developing SA procedures in the context of the configuration interaction (CI) method were proposed in early 60's (see for example [47] ). The early works presented specific formula for the Hamiltonian matrix elements between different SA configurations.
Derivation of general expressions for the SA CI matrix elements was presented byČižek [48] . He derived explicit expressions for the matrix elements between spin-adapted singly-and doublyexcited configurations in terms of one-and two-electron integrals calculated in the spatial orbital basis. A notable feature ofČižek's approach was a quite cumbersome formulas for the matrix elements which were obtained by complicated algebraic manipulations. Paldus and co-workers [49] took a different approach and formulated a general orthogonal SA restricted CI method using the graphical method of the spin algebra which was originally introduced by Jucys et al. [50] and popularized in their later works [51] . An explicit SA formulation of the CC equations with double excitations was first presented by Paldus [52] and applied to different versions of the SR [53, 54] and MR [55] CC-schemes. Geertsen et al. [56, 57] formulated orthogonally-SA CCD and SA CCSD equations which were close to Paldus formulas but were obtained using a pure algebraic method and the CC propagator approach. The orthogonally-SA method was also employed in calculations of static [58, 59] and time-dependent [60] response properties of close shell systems.
Paldus also derived another formalism for spin-adaptation based on the unitary group approach (UGA). The general UGA method was based on early work of Gelfand et al. [61] . Paldus, using the unitary group representation, presented an elegant and compact scheme for solving the SA problem. [62] The mathematical basis of the UGA application to the electronic structure theory has been discussed in several papers [63] [64] [65] The application of the UGA (especially in its graphical form (GUGA) [66] ) in large scale electronic structure calculations of molecules, particularly using the full configuration interaction (FCI) method, has clearly demonstrated the advantages of this approach. Also an elegant and useful formulation of the many-body theory, as an alternative to the second-quantization formalism based on UGA and called "Quantum Chemistry without spin"-approach, was developed. [67] [68] [69] [70] The main idea of this approach was the use of unitary group generators product to define the so-called "generator states". It is also worth mentioning the so-called Clifford algebra of UGA (CAUGA) described by Paldus et al., [71, 72] In the work concerning the spin-adaptation of the CASCCD theory, the method was formulated by using the "generator state" approach. The energy and amplitude equations have been first derived in the spin-orbital form and then transformed to the SA form using the "genera- In general, the "generator state" procedure provides a flexible method for spin adaptation of the CC theory especially for the SR closed-shell approach, which can be viewed as a state-specific approach based on the Hartree-Fock reference wave function for the ground electronic state.
In practice, this kind of spin-adaptation can be performed by formally substituting the spinorbital labels by the spatial-orbital labels in the spin-orbital diagrams representing the individual contributions in the energy and amplitude SRCC equations, and by evaluating the appropriate generator strings. The use of the diagrammatic approach is essential in spin-adaptation procedure.
It allows to diagrammatically represent the amplitude equations and to avoid rewriting the results of the projections in the algebraic form which would involve an explicit use of the UGA generators and subsequent cumbersome elimination of the disconnected parts. In the diagrammatic approach we just need to transform each diagram to include the projection onto the complete generator state.
In general, the problem of calculating open-shell excited singlet and triplet states is central to every approach allowing excited state calculations, and the CASCCD approach should be also capable to effectively deal with this problem. Before describing how excited states can be calculated using the CASCCD method (we call this version of the method CASCCD(x)), it is important to stress here the fundamental difference between the "reference wave function" and CASCCD wave function include the most important CASSCF configurations, as well as single and double excitations from these configurations generated by theT 2 operator, but exclude the formal reference determinant, |0 , we use the following ansatz:
The CASCCD(x) wave function (14) satisfies the following intermediate normalization condition: 1
If the spatial symmetry of |0 is different than the symmetry of |Ψ CASCCD(x) , we have the orthogonality condition:
In the special case when A = I, (14) gives the regular CASCCD wave function for the closedshell case. In this case, the intermediate normalization condition is:
As described before, the cluster operators,Ĉ 1 ,Ĉ 2 andT 2 are defined using the unitary generators,Ê ai . It needs to be stressed that the above operators generate all important excitations by acting on the formal reference determinant, |0 . The CASCCD(x) energy is obtained by the following projection of the Schrödinger equation:
In the spin-adapted unitary group approach, the one-electron excited configurations, ( 
and forĈ 2 andT 2 :
The simple idea of eliminating the formal reference from the wave function can be handle in somewhat different way by using the following ansatz:
This ansatz allows to introduce more flexibility into the wave function, because one can include some potentially important external and semi-external excitations generated by operating witĥ T 2 on the formal reference:
In this respect, the wave function (14) is more restricted. In the calculations presented in the next section we have used the wave function (21) .
In calculating triplet states using the state-specific CASCC approach and the unitary group generator approach, one needs to first form appropriate "elementary" triplet excitations:
The The CASCCD(x) wave function for the triplet state is obtained as:
By projecting the Schrödinger equation against
0|ˆ E IA and against excited spin-adapted configurations one generates the energy and amplitude equations.
The spin-adapted CASCCD method was recently implement in our group. Using this implementation, we have done some simple calculations on excited states of the Li 2 molecule to test the performance of the method. This system has been a subject of many tests of various theoretical methods. For example, it was used by Kaldor and coworkers [80] in their test calculations of several singlet and triplet states using Lindgren's approach [75] with an incomplete model space.
In our calculations of Li 2 we have used the standard 6-31G basis set. The CASSCF calculations were done with the GAMESS package. [81] All calculations were performed at the Li 2 experimental equilibrium internuclear distances (R e =5.05 a.u.) and at two distances close to equilibrium (4 a.u. and 6 a.u. 
Double-origin CASCC method.
Let us now explore the possibility of using two CC expansions based on two formal reference determinants in describing an open-shell singlet or triplet state which in the first approximation can be represented a linear combination of two Slater determinants. In this case we use a simplified version of the Jeziorski-Monkhorst ansatz: [9] |Ψ CASCCD = c 1 e to some difficulty is the fact that the two components of Eq.(25) may produce the same determinats by promoting electrons from the I and J spinorbitals in the first reference and from the I and J spinorbitals in the second reference to the same pair virtual spinorbitals. Let determinant |i be such a determinant, then its contribution to Ψ CASCCD is a sum of two contributions:
If |i is a double excitation then Eq.(26) results in the following equations for the corresponding CC amplitudes and the c 1 and c 2 coefficients: These results in a set two coupled equations, which can be written as: 
which, since c , can be easily solved for 1 t i and 2 t i :
However, the two state method is not consistent with the state-specific approach which we consider to be a more effective way to describe excited states. In the context of the single-origin CC method, we recently developed and approach of using higher excited determinants produced by acting with products of theĈ andT 
Conclusions.
In this work we continue our analysis of possible forms of the coupled-cluster wave function for systems which cannot be described with a single-reference approach. Several new proposals are made regarding the form of the reference function and the cluster structure of the CC correlation operator within the framework of the state-specific multi-reference coupled-cluster approach. In particular, the new development is aimed at describing electronic excited states where a single electron is promoted to a higher energy level.
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